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Abstract Based on the theoretical and experimental facts that gravity waves (GWs) can be spontaneously
emitted during the evolution of a near-balanced ﬂow, a stochastic parameterization of GWs linked to fronts
and jets is proposed. Although the spontaneous adjustment theory used predicts “exponentially” small
GW ﬁelds, it is shown that it is suﬃcient to produce realistic GW drag at mesospheric levels. Oﬀ-line tests
using reanalyzed meteorological ﬁelds are conducted and show that the GWs emitted present a strong
annual cycle following that of the sources. Also, the GW momentum ﬂuxes in the lower stratosphere are
qualitatively realistic in terms of intermittency. Online tests in a middle atmosphere general circulation
model show that the scheme can potentially perform as well as highly tuned existing GW schemes.

1. Introduction
Internal gravity waves (GWs) propagating vertically from their tropospheric sources force the circulation
of the middle atmosphere; i.e., they are crucial for the closure of the jets at mesospheric levels and for the
maintenance of the quasi-biennial oscillation (QBO) [Holton, 1983]. Their spatial scales being too small
to be represented in Earth system models (ESMs) at present, they need to be parameterized. While the
parameterization of GWs due to orography is relatively well understood [Lott, 1999]; the GWs emitted by
convection, fronts, and jets are often represented using uniform sources [Warner and McIntyre, 1996; Hines,
1997]. Although this is somehow justiﬁed by the fact that GWs are strongly ﬁltered by the background ﬂow,
there remains the issue that the waves sources present no annual cycle and do not vary when the climate
changes. For these reasons, parameterizations of convective sources have been developed over the last
decade [Beres et al., 2004; Song and Chun, 2005] and made suﬃciently eﬃcient to help models internally
generate a QBO [Lott and Guez, 2013; Schirber et al., 2014].
Parameterizations of GWs issued from fronts and jets are less frequently used, with the exceptions of
Charron and Manzini [2002] and Richter et al. [2010] who used a frontogenesis function to detect the locations from where the GWs are launched. Nevertheless, at the time those works were published the partition
of the response to an ageostrophic frontogenesis forcing between the balanced response and the GWs was
still an unsolved theoretical problem, so these authors made the reasonable decision of emitting a ﬁxed
amount of GW momentum ﬂux wherever the frontogenesis function exceeded a certain threshold: there is
no link between the magnitude of the frontogenesis function itself and the GW amplitude.
There have been recent developments in the generation of gravity waves in the vicinity of jets and fronts
on both theoretical and experimental sides [e.g., Williams et al., 2005; Borchert et al., 2014], and today the
mechanisms of spontaneous adjustment where a near-balanced ﬂow emits GWs during its evolution are
much better understood (see the review by Plougonven and Zhang [2014, and references therein]). Among
the available theories, Lott et al. [2010] and Lott et al. [2012b] investigate the linear emission of GWs by
potential vorticity (PV) anomalies in a vertically sheared wind and show that a PV anomaly produces a GW
Eliassen-Palm (EP) ﬂux given by the following:
=

)2
F0 −𝜋 √J
𝜌 g2 (
e
, where F0 = r2 3 𝜌r qr 𝜎z .
4
f 𝜃r N

(1)

Here g is the gravity constant, f the Coriolis parameter, N is the buoyancy frequency, J = N2 ∕Λ2 is the
Richardson number (Λ is the vertical shear of the horizontal wind), 𝜌r and 𝜃r are reference density and
potential temperature, qr is the amplitude of the PV anomaly, and 𝜎z is its depth.
In equation (1) the exponentially small term translates the fact that immediately above the PV anomaly the
dynamics is almost quasi-geostrophic and the disturbance produced by the PV decays exponentially with
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altitude. This decay ceases at the inertial level above the PV anomaly, where the intrinsic frequency equals
the Coriolis frequency: the disturbance becomes an upward propagating GW. Note that the exponential
smallness predicted by the theory is in disagreement with some experimental observations [Williams et al.,
2008], although the mechanisms of GW generation in these experiments are not clear yet [Plougonven and
Zhang, 2014]. Using equation (1) is adapted to represent GWs emitted by fronts, since within fronts relative
vorticity anomalies and vertical wind shear are large. Interestingly, using (1) can also recover the approach
using frontogenesis forcing (at least in part), since this forcing produces relative vorticity anomalies. In this
case, our GWs can be viewed as a late consequence of the frontogenesis forcing.
In the present paper, we apply the stochastic methods described by Eckermann [2011], Lott et al. [2012a],
and Lott and Guez [2013] to construct a GW parameterization directly linked to frontal sources (hereafter
referred to as FGWD), adapting almost literally equation (1). The plan of the paper is as follows: Section 2
describes the formalism used and recalls some of the reasons that justify a stochastic approach. Section 3
analyzes some characteristics of the GWs generated in oﬀ-line setup, such as intermittency and annual cycle
of the momentum ﬂuxes, and section 4 tests the parameterization online in the Laboratoire de Météorologie
Dynamique zoom (LMDz) general circulation model (GCM). Finally, section 5 discusses the impact of
our results on the improvement of the representation of the annual cycle in ESMs, as well as on future
climate projections.

2. Formalism
The formalism used in the present study adapts the stochastic approach used by Lott and Guez [2013]
to parameterize convectively generated GWs. Basically, it consists on working with a stochastic series
of few monochromatic waves whose wave properties are chosen randomly. The justiﬁcation for this
approach is twofold. On the one hand, the use of few monochromatic waves mimics the observations
of rather narrow-banded GW packets in the lower stratosphere [Hertzog et al., 2008]. On the other
hand, the stochastic sampling of the GW ﬁeld and the random choice of wave properties deals with the
inherent unpredictability of subgrid-scale dynamics from the large-scale conditions [Palmer et al., 2005]
and also mimics the intermittent nature of the GW ﬁeld [Hertzog et al., 2012]. In addition, the present
approach produces fairly realistic GW energy spectrum as a function of the vertical wave number
[de la Cámara et al., 2014].
To adapt the method to frontal waves, we ﬁrst represent the subgrid-scale potential vorticity anomaly as a
stochastic “Fourier” series:

q′ =

∞
∑

Cn q̂ n e

(
)
i k⃗n ⋅⃗x −𝜔n t

,

(2)

n=1

where q̂ n is the amplitude of the nth harmonic of the subgrid-scale PV anomaly q′ , k⃗n and 𝜔n its horizontal
wave number and ground-based frequency, and Cn2 is the probability of the nth wave to represent the entire
wave ﬁeld. We choose randomly k⃗n and 𝜔n but directly relate the amplitude q̂ n to the large-scale relative
vorticity ﬁeld 𝜁r ∶𝜌r q̂ n ≈ 𝜁r 𝜃̄0,z . Three approximations have been done here. The ﬁrst consists in relating the
grid-scale PV anomaly to the grid-scale relative vorticity anomaly (neglecting for instance the term involving
the vertical derivative of the temperature anomaly), which we think is both quantitatively and qualitatively
reasonable. The second is to consider that the subgrid-scale standard deviation is equal to the grid-scale
mean, and this is again a reasonable ﬁrst guess. The last consists in assuming that the subgrid-scale variance
is equally distributed among the diﬀerent harmonics, a "white" spectrum hypothesis already made to treat
convective GWs by Lott and Guez [2013], where the variations of the subgrid-scale precipitation equal the
grid-averaged precipitation.
/
From this, and to estimate the launched EP ﬂux, we approximate the buoyancy frequency by N2 ≈ g𝜃̄0,z 𝜃r .
Substituting in (1) gives for each wave number
n =
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It is important to keep in mind that we are assuming that the amplitude of each wave is equal to the
grid-scale vorticity anomaly 𝜁r ∶𝜁̂n = 𝜁r . So far, equation (1) has been used for a given vertical level, so we
integrate equation (3) vertically to compute the total momentum ﬂux emitted,
ztop
√
′
Δz k⃗
𝜌0 (z′ )N(z′ )𝜁̂ 2 (z′ )e−𝜋 J(z ) dz′ ,
F⃗ zl = G0
4f ‖k‖
⃗ ∫0

(4)

where the n indices have been dropped for conciseness. From (3) to (4), the variable 𝜎z2 representing the
squared depth of the vorticity anomaly is transformed into the vertical grid spacing dz′ times a tunable
depth Δz in (4). Still in (4), ztop is the model top altitude, 𝜌0 = 𝜌r e−z∕H is the background density, and G0 is
a tunable parameter of order 1 that controls the amplitude of the EP ﬂux. Here we have simpliﬁed the GW
momentum ﬂux launched by the large-scale ﬂow at each altitude into a single ﬂux launched from a speciﬁc
altitude zl . Although it would be more realistic to launch GWs from each model level, it is more expensive
computationally and not necessarily signiﬁcant since the source term at each level is weighted by density
(see equation (4)).
For completeness, we next summarize the procedure to evaluate the GW drag described in Lott et al.
[2012a]. It is computed as the vertical divergence of the EP ﬂux, and for each wave the EP ﬂux is (i) reduced
in the vertical by a small diﬀusivity 𝜇d ∕𝜌0 , (ii) limited by that of a saturated wave [Lindzen, 1981], and (iii) set
to zero immediately above a critical level:
⃗
⃗ + 𝛿z) = k Ω Θ(Ω(z + 𝛿z)Ω(z))
F(z
⃗
‖k‖ |Ω|
{
3
min

𝜇 m
−2 𝜌d Ω 𝛿z
⃗
0
,𝜌
|F(z)|e

2
r Sc

2
|Ω|3 kmin

⃗4
N|k|

}

(5)
.

⃗ is the GW intrinsic frequency, the Heaviside function Θ handles critical levels, Sc is a tunIn (5) Ω = 𝜔 − k⃗ ⋅ U
able parameter controlling the saturated momentum ﬂux, and kmin is the minimum horizontal wave number
allowed. In the case the wave is saturated just above the launching level zl or if it encounters a critical
level between zl and the next level above, the launching ﬂux becomes the saturated value of the ﬂux or is
null. Finally, the GW drag at each model time step is calculated taking into account that the life cycle of the
waves (typically Δt ∼1 day) is larger than the “physical” time step of the GCM (typically 𝛿t < 1 h). To do so, the
forcing produced by the M waves launched at each model time step 𝛿t is redistributed over a larger time Δt
via an autoregressive relation (see Lott et al. [2012a] for details). This way, a few hundred waves act at each
model step, which gives an excellent spectral resolution at a cheap computational cost.

The tuning of the FGWD scheme has been done so LMDz has a reasonable zonal mean climatology in the
stratosphere and lower mesosphere (see section 4). We launch M = 8 waves near the surface (zl ) in the
zonal direction every time step, choosing randomly the GWs horizontal wave number within the interval
⃗ ≤ kmax , with kmax = 10−3 m−1 and kmin being related to the grid dimensions. The intrinsic phase
kmin ≤ ‖k‖
speed is also randomly chosen from a Gaussian distribution of mean 0 m s−1 and standard deviation
40 m s−1 . The parameters controlling the saturated ﬂux, the launched ﬂux, and the vertical depth of the PV
anomaly are set to Sc = 0.4, G0 = 3, and Δz = 1 km, respectively.

3. GW Stress and Intermittency
We start by showing results from oﬀ-line runs using daily data from the European Centre for Medium-Range
Weather Forecasts Reanalysis ERA-Interim (ERAI). The main diﬀerence with an online setup is that here the
time step 𝛿t is daily, so M = 8 waves are launched every day.
Figure 1a displays the absolute momentum ﬂux launched (i.e., the average of the amplitudes of the individual GW surface stresses) by FGWD (shaded) for a particular day in January 2010. The GW stress is stronger
in the midlatitudes, particularly in the Northern Hemisphere, and presents pronounced regional variations
with peak values larger than 60 mPa. To illustrate that the GWs are essentially emitted from fronts, we super⃗ H T‖0.012 at 600 hPa (black
impose the 0.012 K km−1 isopleth of the horizontal temperature gradient norm ‖∇
contour). We choose here the 600 hPa level because it is the one taken by Richter et al. [2010] on the basis
that this closely corresponds to the typical steering level of fronts. The spatial correspondence between the
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Figure 1. Diagnostics predicted oﬀ-line with ERAI and Global Precipitation Climatology Project data. (a) Frontal launched GW stress in mPa (shaded), and the
⃗ H T‖ at 600 hPa, for the 1 January 2010. (b) PDFs of absolute momentum ﬂux from the source-related nonorographic GW schemes
0.012 K km−1 isoline of ‖∇
(frontal + convective) for October 2010 over the Southern Ocean (65◦ S–50◦ S). The continuous blue line is a lognormal ﬁt of the PDF at 20 km. For each distribution, the (arithmetic) mean, and 90th and 99th percentiles are displayed (in mPa). The percentages of total ﬂux associated with ﬂuxes larger than the percentiles
are also indicated. (c) Annual cycle (for the year 2010) of zonal mean surface stress at midlatitudes (Northern Hemisphere (NH): 30◦ N–60◦ N and Southern
Hemisphere (SH): 60◦ S–30◦ S) from FGWD and the Hines’s [1997] scheme as indicated, and (d) annual cycle of the eastward and westward components of the
frontal GW stress at 15 km height.

⃗ H T‖0.012 is quite satisfactory; practically all the more intense events lay in regions bounded
GW stress and ‖∇
⃗
by ‖∇H T‖0.012 . However, the GW surface stress is a vertically integrated quantity (see equation (4)), and thus,
one should not expect a perfect agreement with fronts detected at a given altitude. In fact, the high stress
⃗ H T‖ at 300 hPa, coinciding
values at around 180◦ E–25◦ S and 105◦ W–25◦ N have better agreement with ‖∇
with locations of two upper level fronts (not shown).

An important factor that needs to be well represented in parameterizations is the GW momentum ﬂux
intermittency. Recent observational and modeling studies have detected large instantaneous departures
of momentum ﬂuxes from their time averages [e.g., Hertzog et al., 2012; Wright et al., 2013], and this has a
crucial impact on the altitudes where the GWs break and force the large-scale ﬂow [Lott and Guez, 2013].
One way of evaluating intermittency is to analyze probability density functions (PDFs) of absolute momentum ﬂuxes [e.g., Hertzog et al., 2012], as shown in Figure 1b at diﬀerent heights over the Southern Ocean
(65◦ S–50◦ S) for October 2010. These PDFs have been computed considering the GWs from fronts (with
FGWD) and convection [see Lott and Guez, 2013], which are the two schemes that treat the nonorographic
GWs in LMDz (section 4). To compute the PDFs, we sort the momentum ﬂuxes in bins of 1 mPa wide and
construct histograms.
Figure 1b shows that values higher than 15.2 mPa at the launching altitude (the 90th percentile) account
for 43% of the total ﬂux, whereas the probability of being observed is 10%. Hence, the rather long tails
in the PDFs, especially at lower levels in the stratosphere, account for the intermittent nature of the GW
ﬁeld, with rare large events carrying a signiﬁcant part of the total momentum ﬂux. For completeness,
note that the GWs generated by convection have a weaker contribution than those from fronts to the
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total momentum ﬂuxes, and thus to these PDFs, at the latitudes considered [de la Cámara et al., 2014].
Figure 1b also shows that the distributions adjust fairly well to a lognormal at 20 km, which qualitatively
agrees with observational and modeling studies for nonorographic GWs over the Southern Ocean
[Hertzog et al., 2012; Plougonven et al., 2013]. According to de la Cámara et al. [2014], this is in good part due
to lognormal PDFs in GWs sources, provided that they are related to precipitation and vorticity. In addition,
Figure 1b shows that the momentum ﬂux reduction with height mainly aﬀects the tail of the distribution
since high-amplitude waves tend to break at lower altitudes in the atmosphere. However, percentages of
the total ﬂux represented by the 90th and 99th percentiles do not vary signiﬁcantly with altitude.
Since the launched GW stress is related to frontal location and intensity, it now presents an annual cycle
linked to that of the sources (Figure 1c, solid lines). The GW stress is larger during the extended winter
months of both hemispheres and drops down during the summer, especially in the Northern Hemisphere.
Still, part of this annual cycle may arise from that of the wind at the launching level, which ﬁlters part of
the wave spectrum. To evaluate this eﬀect, Figure 1c shows the zonal mean GW absolute stress computed
oﬀ-line with the Hines’s [1997] scheme (dashed lines), in a version still operational in LMDz [Lott and Guez,
2013]. The Hines scheme imposes spatially uniform ﬂuxes that are ﬁltered out by the background wind at
the launching altitude. It is clear that the annual cycle is much weaker than in FGWD.
The speciﬁcation in the FGWD scheme of intrinsic (i.e., relative to the background wind) wave phase speeds
naturally bias the momentum ﬂuxes launched toward the eastward component, although the eﬀect is small
since the waves are emitted near the surface where the wind velocity is small. At 15 km, the westward component clearly dominates the momentum ﬂux of frontal GWs entering the lower stratosphere (Figure 1d).
This is in good part due to the intense wave ﬁltering of the eastward component by the tropospheric
westerlies between the altitude of emission and 15 km. These results are qualitatively and quantitatively
similar to those shown by Richter et al. [2010] with a frontogenesis-based parameterization.

4. Online Tests
We use a version of the LMDz GCM with a 3.75◦ × 1.875◦ longitude-latitude grid, and 71 levels in the vertical
with the top at 1 Pa, and a vertical resolution of around 1 km in the lower stratosphere. For the frontal
GW scheme, the online setup is as described in section 2 and we launch M = 8 waves at every model step
𝛿t = 30 min. We also use the stochastic GW parameterization linked to convection [Lott and Guez, 2013], and
the subgrid-scale orography scheme described by Lott [1999]. We show results from a control run of 5 years,
which will be referred to as LMDz-FC, forced with climatological ﬁelds of sea surface temperature, sea ice,
soil temperature, and composition over land.
Figures 2a and 2b display the zonal mean zonal drag due to frontal and convective GWs averaged over
January in the LMDz-FC. Both frontal and convective GWs exert a negative (positive) acceleration in the
winter (summer) stratosphere. The frontal GW drag is well distributed latitudinally. It is larger in the summer
than in the winter hemisphere, with the maximum around 55◦ S, in agreement with the GCM simulation
with frontal GWs performed by Richter et al. [2010]. The convective drag is weaker than the frontal drag in
the midlatitudes and presents a secondary maximum in the summer tropics possibly due to the location of
maximum momentum ﬂuxes linked to convection over the summer tropical continents [Geller et al., 2013].
In the equatorial stratosphere the forcing helps generate a QBO (not shown), but the magnitude of the
averaged drag is too small to be seen with the contour interval used [see Lott and Guez, 2013].
The zonal mean zonal wind proﬁle in January is shown in Figure 2c for LMDz-FC. It is compared with ERAI
(Figure 2e) and with the LMDz simulation described by Lott and Guez [2013] (Figure 2d), where the two
parameterizations that treat nonorographic GWs are the Hines’s scheme (not linked to wave sources) and
the stochastic GW scheme linked to convection (this run will be referred to as LMDz-HC). The general features, such as the stratospheric jets, look similar in both LMDz runs and ERAI. A major diﬀerence between
the LMDz runs and ERAI is the strength of the easterly jet in the summer stratosphere, being too strong in
LMDz. The latitudinal tilt of the easterly jet is also underestimated in LMDz, although it slightly improves in
LMDz-FC. The Northern Hemisphere winter jet in LMDz-FC is wider in latitude and has weaker vertical shear
than that in LMDz-HC, and in this sense it is also closer to ERAI.
We have veriﬁed that LMDz-FC behaves at least as well as LMDz-HC in other seasons and produces a QBO.
To brieﬂy illustrate the impact on the annual cycle, we next analyze the timing of the Southern Hemisphere
DE LA CÁMARA AND LOTT
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Figure 2. Zonal mean ﬁelds averaged for January: GW drag from (a) FGWD and (b) the convective GW scheme (see text),
in m s−1 d−1 . Zonal wind proﬁles from (c) LMDz-FC, (d) LMDz-HC, and (e) ERAI, in m s−1 . For LMDz, 5 year means are
used. For ERAI, data from 1979 to 2012 are used.
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vortex breakup in the austral spring (i.e., the so-called stratospheric ﬁnal warming), an important actor
of surface climate variability [Black and McDaniel, 2007] that is still not well predicted by climate models
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GWs when it evolves toward the part of the ﬂow that is entirely described by the initial PV anomaly, has
long been seen as a potential source of the GWs present in the middle atmosphere. Nevertheless, it is still
a challenge to establish the signiﬁcance of this mechanism for the large-scale circulation: we lack a clear
understanding of the forcings that push the ﬂow out of balance, and it is also extremely diﬃcult to diagnose
the part of the response that is balanced from that characterized by GWs [Lott, 2003]. Lott et al. [2010] and
Lott et al. [2012b] partly solved this problem by evaluating the GW momentum ﬂux emitted spontaneously
by PV anomalies. Although we know that this only accounts for a fraction of the GW signal (they neglect
the classical adjustment mechanism and only consider spontaneous adjustment), the exact formula they
derived has the interest of being quantitative and pointing to regions of intense PV anomalies and strong
vertical shear. All these ingredients can well be used to predict GWs coming from fronts, which are places
characterized by those properties. This permits to bypass all the diﬃculties inherent to the evaluation of a
frontogenesis function and to speculate about the fraction of the GWs that potentially forces this function.
The parameterization was ﬁrst tested oﬀ-line to characterize the annual cycle and the GW intermittency.
Probability density functions of absolute momentum ﬂuxes compare well with those observed by
superpressure balloons and satellite measurements [Hertzog et al., 2012]. As anticipated by de la Cámara
et al. [2014], this last result is in good part due to relating explicitly the parameterized GW ﬁeld to their
midlatitude sources. Then it was tested online in the LMDz GCM, and the results obtained are promising.
The drag produced compares well with that predicted by state-of-the-art nonorographic schemes, and
both the zonal mean winds and the timing of the southern stratospheric ﬁnal warming are reasonably
well simulated by the LMDz GCM with source-oriented GW parameterizations. This is a key ﬁrst step when
introducing important changes in the physics of a climate model, but it is also an important conceptual step:
a well-understood theory can be used to produce the right amount of GW drag.
It is diﬃcult to tell if spontaneous adjustment is suﬃcient to predict all the GWs issued from fronts. When we
started testing equation (1) in realistic conﬁgurations, we expected to use a large “tuning” factor to obtain
the required ﬂuxes (i.e., G0 ≫1 in equation (4)). This was ﬁnally not the case, and our stochastic scheme
performs as well as existing parameterizations with arbitrary sources. This is of interest not only to climate
modelers but also to theorists and researchers conducting experiments on spontaneous GW emission in
balanced ﬂows. Nevertheless, there are large discrepancies between the ﬂuxes measured in situ by the last
superpressure balloon campaign in Antarctica (Concordiasi campaign, see de la Cámara et al. [2014]) and
those deduced from previous balloon campaigns in Antarctica [Hertzog et al., 2012], satellites and models
[Geller et al., 2013]. Concordiasi instruments resolve the entire GW spectrum and measure much larger ﬂuxes
in the lower stratosphere than the other data sets, and we do not really know today how a GCM could
respond to these large ﬂuxes. A possible solution may lie on the reproduction of observed intermittency
in parameterizations, where GWs with large momentum ﬂuxes will break and force the circulation at lower
altitudes [Lott and Guez, 2013; de la Cámara et al., 2014].
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In the present paper we have not gone into much detail about the interest of using a stochastic parameterization to represent frontal GWs, we assume that the general interest of stochastic techniques is suﬃciently
well discussed by Lott et al. [2012a] and Lott and Guez [2013]. Still, the impact on the large-scale variability
of the intermittency introduced by both the sources (convective and frontal) and the stochastic approach
remains to be assessed. In addition, introducing GW sources in parameterizations adds more realism to the
way GWs are represented in GCMs [Richter et al., 2010]. This is essential because (i) stratospheric processes
strongly inﬂuence surface climate and middle atmospheric dynamics are partly controlled by GWs, (ii)
source-related GW parameterizations introduce a more realistic annual cycle in the GW activity linked to that
of the sources, and (iii) the GW sources change in a changing climate, allowing the evaluation of GW eﬀects
in future climate conditions [Palmeiro et al., 2014].
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